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1 Differentiation of Functions of One Variable

We aim at generalizing the notion of differentiation defined for real-valued single-variable functions to function

from Rn to Rm—multivariate and multi-valued. To do this, let us first review the definition of differentiation

for real-valued functions of real variables—functions from R to R. The refresher only aims at the generalization

that will follow: we do not cover standard results on operations on derivatives in R, etc. If you find the need to

review differentiation of functions from R to R, see e.g. Rudin, chapter 3.

1.1 Refresher: Functions from R to R

There are two ways to look at differentiation: either as a measure of the change of f at x, or as a linear

approximation of f around x.

1.1.1 The first approach: a measure of the change of f at x

The first way to look at—and to define—the derivative of f at x is as a way to measure how much f(x) changes

as x changes. If x changes from x to y, we are interested in the ratio of differences f(y)−f(x)
y−x . The ratio obviously

depends on y. We make the requirement more precise by asking how much f(x) changes with x locally—that

is when x changes infinitesimally little. The idea of “infinitesimally little” is expressed through the notion of

limit: we take the limit of the ratio as y tends to x.

Definition 1.1. Let f : [a, b]→ R, and x ∈ [a, b].

The function f is said to be differentiable at x iff the quotient f(y)−f(x)
y−x has a limit as y → x.

When it does, the limit is called the derivative of f at x, and noted f ′(x) = limy→x
f(y)−f(x)

y−x .

We define the function f ′ : x 7→ f ′(x) whose domain is the set of points where f is differentiable, and call it the

derivative of f . We say that f is differentiable on E ⊆ [a, b] iff it is differentiable at each point of E. We

say that f is differentiable iff it is differentiable on its whole domain [a, b].
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1.1.2 The second approach: the linear approximation of f around x

There is a second way to look at differentiation: as providing a linear approximation (rigorously, an affine

approximation) to f around x. We say that an affine function g(y) = ay+ b for a, b ∈ R approximates f at x if

it is such that:

1. f(x) = g(x).

2. limy→x
f(y)−g(y)

y−x exists and is equal to 0: f(y)− g(y) is negligible compared to y − x as y → x.

We can solve for b using the first requirement: f(x) = g(x) = ax+ b so g has the form g(y) = f(x) + a(y − x).

The negligibility condition is then equivalent to:

⇔ lim
y→x

f(y)−
(
f(x) + a(y − x)

)
y − x

exists and is equal to 0

⇔ lim
y→x

f(y)− f(x)
y − x

exists and is equal to a

⇔ f is differentiable at x and a = f ′(x)

Therefore, f has a linear approximation at x iff f is differentiable at x, and it is then unique, given by:

g(y) = f(x) + f ′(x)(y − x)

Graphically, the line defined by this affine function g is the tangent to f at x.

1.2 Functions from R to Rm

We want to make two generalizations to the theory of differentiation: moving from a domain R to a domain

Rn, and moving from a codomain R to a domain Rm. We endow both Rn and Rm with the Euclidian distance.

The generalization of the codomain is the easy one. We can define the derivative in exactly the same way:

Definition 1.2. Let f : [a, b]→ Rm, and x ∈ [a, b].

The function f is said to be differentiable at x iff the quotient f(y)−f(x)
y−x has a limit as y → x. The limit

is called the derivative of f at x, and noted f ′(x). (It is a vector of Rm, just as f(x) is).

The novelty is even smaller than that: we can reduce the differentiation of f to the differentiation of each of

the components of f , which are functions from R to R.
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Proposition 1.1. Let f : [a, b]→ Rm, and x ∈ [a, b]. Note f = (f1, ..., fn)′ (a column vector).

f is differentiable at x iff each of its components fi is differentiable at x, and if so, f ′(x) = (f ′1(x), ..., f ′n(x)).

Proof. We have seen that a sequence of Rm converges to l ∈ Rm iff each of its component converges to the

corresponding component of the limit. It is easy to see that the same is true for functions from R to Rm.

In contrast, when the domain—and not the codomain—of the function is extended to Rn, extending the notion

of differentiability is less straightforward. Since considering multi-valued functions is a painless generalization,

we now consider directly functions from Rn to Rm. We will restrict attention to the case Rn to R later on for

some results. From now on, we consider a function f defined on an open set S ⊆ Rn, taking values in Rm. In

both Rn and Rm, the norm/distance we use is the Euclidian norm/distance.
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2 Derivatives along a vector and Partial Derivatives

Let us first try to extend the definition of differentiation using the first approach. It is going to be a dead-end,

but it will highlight what is different with functions of multiple variables, and we will define useful concepts on

the way. To define the derivative when x was in R, we had to specify by how much we moved away from x—we

decided to move infinitesimally little from x. But there was no ambiguity about in which direction to move

away from x, as there is only one direction on the real line.1 This is no longer clear in Rn. Already in R2, there

is an infinity of directions one can pick to move away from x. And in each direction, the change in f may be

different. This is the wall we are running into when trying to generalize differentiation using the first approach.

However, once we have picked a direction, there is nothing new and we are backed to the case of single-variable

functions. This is what the notion of derivative along a vector is about:

Definition 2.1. Let f : S → Rm, S an open set of Rn, and x ∈ S.

For any h ∈ Rn (think of h as a direction), define the single-variable function t 7→ f(x + th). If this

function is differentiable at t = 0, we call its derivative—it is a vector of Rm—the derivative of f at x

along the vector h or the directional derivative of f at x in the direction h, and note it f ′h(x) or

Dhf(x):

f ′h(x) = lim
t→0

f(x+ th)− f(x)
t

If f is a function of one variable (n = 1), then f ′h(x) = hf ′(x) using the chain rule. The derivative corresponds

to the choice of h = 1 (this is just a normalization issue).

The derivatives along the vectors of the canonical basis (ej)n
j=1 will play an important role. The derivative

of f along ej at x is the derivative of the function t 7→ f(x1, ..., xj + t, ..., xn) at t = 0, or equivalently, the

derivative of the function y 7→ f(x1, ..., y, ..., xn) at y = xj . In other words, it is the derivative of f with respect

to the jth argument of f , holding all its other arguments constant. We call it the jth partial derivative.

Definition 2.2. Let (e1, ..., en) be the canonical basis of Rn.

The derivative of f at x along the vector ej is called the jth partial derivative of f at x.

We note it f ′j(x), or Djf(x), or ∂f(x)
∂xj

.

That sure makes a lot of alternative notations for the same concept. The reason is that each of the 3 notations

has its drawback.
1True, in R we can go either left or right of x. It is possible to define a right-derivative and left-derivative to fit this idea. A

function f is then differentiable at x iff it is differentiable on the right and on the left, and the two semi-derivatives are equal.
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1. f ′j is a great notation if f is real-valued (m = 1). But when f is vector-valued, we note its ith component

fi. This can create confusion.

2. ∂f(x)
∂xj

quickly creates confusion once we consider composite functions (we will very soon). Consider the

composite function x 7→ f(g(x)). Is ∂f(g(x))
∂xj

supposed to designate f ′j(g(x)) or (f ◦ g)′j? These are not

equal! It is safer to avoid the notation when there are composite functions.

3. Djf is the safest choice to avoid confusion. However, it conflict a bit with the notation df used (a bit

informally) to designate f(x+h)−f(x), in expressions such as df ' f ′(x)dx for f(x+h)−f(x) ' f ′(x)h.

To sum up, the first approach to differentiation has not been very practical to generalize differentiation. We

can easily define derivatives along any direction, but there is an infinity of directions to consider, so that it does

not give a practical way to sum up the changes of f locally. The second approach is going to be more successful.
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3 Derivative

3.1 Definition

Consider the second way to look at differentiation: a linear (affine) approximation of f around x. We look for

an affine function from Rn to Rm, g(y) = Ay + b, where A is an m× n matrix and b ∈ Rm, that approximates

f at x. Again, this means first f(x) = g(x), so that g(y) = f(x) + A(y − x), and second that A must be such

that ||f(y)− g(y)|| is negligible compared to ||y − x||.

Definition 3.1. Let f : S → Rm, S ⊆ Rn, and x ∈ S. The function f is said to be differentiable at x iff

there exists an m× n matrix A such that:

lim
y→x

f(y)−
(
f(x) +A(y − x)

)
||y − x||

= 0

If so, A is unique; it is called the derivative of f at x, or Jacobian matrix of f at x, noted f ′(x), or

Df(x), or J(x).

Proof. We need to prove the uniqueness of A, which is not as obvious as in the n = 1 case. The proof is not

much complicated, but we skip it and admit the uniqueness. See e.g. Rudin, theorem 9.12.

If m = 1 and n = 2, the affine map y 7→ f(x) + f ′(x)(y − x) can be represented by a tangent affine plane at x

to the surface representing f . More generally if m = 1 but n is any integer, it is represented by a tangent affine

hyperplane, although it is not very easy to visualize.

Let us stress it once again: the derivative f ′(x) of f at x is now a m × n matrix. For instance if f takes

values in R (but still has n variables), f ′(x) is a row vector of size n. Since in this case, it is more convenient

to deal with a column vector, we often consider instead its transpose, that we call the gradient:

Definition 3.2. If f is real-valued (m = 1), we call the transpose of its derivative f ′(x) at x its gradient

at x, noted ∇f(x). It is a column vector of size n.

This being said, it is common in econometrics books to use the terms gradient and derivative interchangeably

to designate the column vector. Always check the conventions the author uses if the size of vectors and matrices

are starting to confuse you.

As mentioned above, the fact that f is multi-valued (m > 1) is really no difficulty. Just as for variables of

one variable (proposition 1.1), we can always reduce the m-valued functions to m real-valued functions since:
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Proposition 3.1. f = (f1, ..., fm)′ is differentiable at x iff each of its components fi is, and if so:

Df(x) =


Df1(x)

...

Dfm(x)


Proof. This is still because the convergence of a vector of Rm is equivalent to the convergence component-by-

component.

As in the case of functions from R to R, we define the derivative function f ′ : x 7→ f ′(x) whose domain is the

set of points where f is differentiable, and we say that f is differentiable when it is differentiable at each point

of its domain S. While for functions from R to Rm, f ′ was also a function from R to Rm, now if f : Rn → Rm,

f ′ is a function from Rn toMmn: it is (m×n)-valued when f was only m-valued. It is still meaningful however

to discuss the continuity of f ′ (we do need a distance onMmn; we can see a matrix as a mn-vector and use the

Euclidian distance on Rmn). The notion of a C1 function is still defined:

Definition 3.3. A function f is C1 iff it is differentiable and its derivative is continuous.

3.2 Properties

Let us show a number of properties of differentiation that still hold for function from Rn to Rm. We do not need

to (and should not try to) think in terms of partial derivatives to establish them (we will discuss the connection

between differentiability and partial derivatives in the next section). First, we still have that:

Proposition 3.2. If f is differentiable at x, it is continuous at x.

Proof. Write the numerator f(y)− f(x)− f ′(x)(y − x) =
f(y)−

(
f(x)+f ′(x)(y−x)

)
||y−x|| ||y − x||. Using operations on

limits, limy→x f(y) − f(x) − f ′(x)(y − x) = 0 × 0 = 0. Now f(y) =
(
f(y) − f(x) − f ′(x)(y − x)

)
+
(
f(x) +

f ′(x)(y − x)
)
→ 0 + f(x) = f(x), which ends the proof.

Now, differentiation and operations. The following result is straightforward to show from the definition:

Proposition 3.3.

• If f and g are differentiable, then so is f + g, and (f + g)′ = f ′ + g′.
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• If f is differentiable, then so is λf for all λ ∈ R, and (λf)′ = λf ′.

Or in a more educated form: the set of differentiable functions is a vector subspace of the vector space of

functions from Rn to Rm, and the differentiation operator is linear. We can also generalize the chain rule:

Proposition 3.4. Chain Rule Let f : S → Rm, S ⊆ Rn, g : T → Rk, T ⊆ Rm such that f(S) ⊆ T , so

that the composite function g ◦ f is defined.

If f is differentiable at x ∈ S and g is differentiable at f(x), then g ◦ f is differentiable at x and:

(g ◦ f)′(x) = g′(f(x))× f ′(x)

(× designates a matrix product; since the product of matrix is not commutative, the order matters).

Proof. The proof is not difficult, but not very insightful either. We skip it and admit the result. See e.g. Rudin,

theorem 9.15.

Finally, an affine function from Rn to Rm is differentiable everywhere and its derivative is a constant matrix:

Proposition 3.5. Let f(x) = Ax+ b be a linear function from Rn to Rm. Then f is differentiable on Rn

and for all x, f ′(x) = A.

The proof is straightforward from the definition: in words, the best affine approximation of an affine function

is itself.
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4 Connections between the derivative and derivatives along vectors

Let us now go back to derivatives along vectors. We tried to find a way to sum up the local changes of f

at x with directional derivatives, but could only define an infinity of directional derivatives. In contrast, the

approach with a linear approximation to f at x gave only m× n real numbers—the m× n matrix f ′(x). Now,

can we ask the second approach to give us an answer to the question of the first approach: does the derivative

f ′(x) tell something about the local changes in f , in any of the infinity of directions? In other words, can we

recover all the directional derivatives from the derivative f ′(x)? The answer is yes. Intuitively, the derivative

gives the linear approximation of f at x, so it should be possible to deduce from it the linear approximation of

f at x along a particular direction h: the derivative of f along the direction h.

Proposition 4.1. If f is differentiable at x, then f has derivatives along all directions h ∈ Rn, and

f ′h(x) = f ′(x)× h. It particular, it has all n partial derivatives.

Proof. This is an immediate implication of the chain rule. Remember that f ′h(x) is the derivative at t = 0 of

the function g(t) = f(x+ th). See g as the composition f ◦ l, where l is the linear function l : t 7→ x+ th. The

function l is linear, hence differentiable everywhere, and so in particular at t = 0, with a derivative equal to the

vector h. So if f is differentiable, so is g and f ′h(x) = g′(0) = f ′(l(0))× l′(0) = f ′(x)× h.

From this proposition, it becomes easy to see the important role that the partial derivatives play. Not only

do they exist if f ′(x) exist, but together they sum up all the information on f ′(x). Indeed, remember that for

any matrix A, Aej is the jth column of A. Applied here, the columns of the derivative f ′(x) are the partial

derivatives:

Corollary 4.1.

If f is differentiable at x, then Df(x) = (D1f(x)...Dnf(x)) =



∂f1(x)
∂x1

∂f1(x)
∂x2

... ∂f1(x)
∂xn

∂f2(x)
∂x1

. . . ∂f2(x)
∂xn

...
...

∂fm(x)
∂x1

... ... ∂fm(x)
∂xn


.

In particular, any directional derivative can be obtained from the partial derivatives. If h = (h1, ..., hn)′, then

f ′h(x) =
n∑

j=1
hjf

′
j(x). (This is an application of the general result that knowing the value of a linear function on

a basis is enough to recover the whole function). Since it is easy to calculate the partial derivative f ′i(x)—just

treat all arguments but the ith one as constant and apply the rules of differentiation in R—this is how we

calculate the derivative f ′(x) in practice.
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But this is assuming that f is differentiable at x: once we have shown that f is differentiable at x, the

proposition guarantees that the partial derivatives exist, and we can calculate them to find f ′(x). The converse

however is false: if the n partial derivatives of f at x exist, it does not necessarily follow that f is differentiable

at x: the matrix (D1f(x)...Dnf(x)) is the only possible candidate for the derivative at x, but it does not

necessarily satisfy the definition of differentiability. Even more: if f has derivatives at x along all directions

h ∈ Rn, f is not necessarily differentiable at x.

It is nevertheless possible to get a converse result by strengthening the assumptions on the partial derivatives.

The stronger assumption is that the partial derivatives need not only exist at x but also be continuous at x.

(For the continuity of the partial derivatives to be defined, the partial derivatives need to exist not only at x

but on a neighborhood of f).

Proposition 4.2. If all partial derivatives of f exist on an open ball around x and are all continuous at

x, then f is differentiable, and Df(x) = (D1f(x)...Dnf(x)).

Proof. We admit the result. See e.g. Rudin theorem 9.21.

We also have a characterization of C1 functions:

Proposition 4.3. f is C1 iff all its partial derivatives functions exist and are all continuous.

This guarantees that most usual functions are differentiable. In practical applications, we usually do not bother

to check that f is differentiable, trust it is, and go straight to calculating the partial derivatives.
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5 Higher-order derivatives

5.1 Higher-order derivatives for functions from R to R

Let us start with a refresher of higher-order derivatives for functions from R to R. If f : [a, b] → R is

differentiable, and its derivative f ′ is itself differentiable, we say that f is twice differentiable. The derivative

of f ′ is called the second derivative of f , and noted f ′′ or f (2). Continuing in this manner, we obtain function

f (3), f (4), ..., f (n) the third, fourth, ..., nth derivative of f if f is 3,4,..., n times differentiable. We say

that f is Ck if it is k times differentiable and f (k) is continuous (all f (i), i < k are also necessarily continuous

then since differentiability implies continuity).

5.2 Second-order Derivatives and Hessian matrix for functions from Rn to R

The definition of higher-order derivatives for functions from Rn to Rm is exactly the same. To start with, we

define f ′′ as the derivative of f ′. It seems that we are facing a problem though, as if f : Rn → Rm, then

f ′ : Rn → Mmn, and we have define differentiation for vector-valued functions, not matrix-valued functions.

But we simply need to stack all the columns of f ′ and treat it as a function from Rn to Rmn. And we can keep

going for higher orders. We can still define Ck functions as functions that are k times differentiable and such

that f (k) is differentiable.

If there is no conceptual difficulty in extending higher-order derivatives to functions from Rn to Rm, there are

some practical difficulties. First, in notations: as we stack the matrices in vectors at each order of differentiation,

it becomes cumbersome to keep track of which component corresponds to what in the vector corresponding to

f (k). Second, in size: the vector corresponding to f (k) has size nkm, which grows quickly with k.

For these reasons, we restrict our treatment in two ways: we consider real-valued functions (m = 1) and

only second-order derivatives (k = 2). But we do allows for an arbitrary number of arguments (any n). When

m = 1, f ′(x) is an 1×n matrix—that is a row vector. We take its transpose—the gradient ∇f—to get a column

vector. The function ∇f is from Rn to Rn; its derivative at a point x is an n× n matrix.

Definition 5.1. Let f : S → R, S an open set of Rn.

We say that f is twice-differentiable at x iff it is differentiable in an open set around x (so that f ′

is defined on an open set around x) and ∇f is differentiable at x.

We called the derivative of the gradient ∇f at x the second-order derivative of f at x, or Hessian

of f at x, noted f ′′(x), D2f(x), or H(x). It is an n× n matrix.

We can use partial derivatives to calculate the Hessian (again, once we know that f is twice differentiable).
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We note the jth partial derivative of the ith component of the gradient Djif(x) for Dj(∇fi(x)), or DjDif(x),

or f ′ji(x) or ∂2f(x)
∂xj∂xi

. These n2 partial derivatives are sometimes called cross-partial derivatives. So the

Hessian—sometimes called the matrix of cross-partial derivatives—is:

H(x) =



∂2f(x)
∂x1∂x1

∂2f(x)
∂x1∂x2

... ∂2f(x)
∂x1∂xn

∂2f(x)
∂x2∂x1

. . . ∂2f(x)
∂x2∂xn

...
...

∂2f(x)
∂∂xnx1

... ... ∂2f(x)
∂xn∂xn


You may fear never to be able to remember if ∂2f(x)

∂xi∂xj
is the ith partial derivative of the jth component of the

gradient or jth partial derivative of the ith component of the gradient. Fortunately, if the function is C2, we can

interchange the order of taking partial derivatives. The result is called Schwarz theorem:

Proposition 5.1. Schwarz theorem

If f is C2, then Dijf = Djif . In other words, the Hessian matrix is symmetric.

Proof. We admit the result.
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6 Inverse and Implicit Function Theorems

An affine function y = Ax + b is a bijection iff A is invertible (then its inverse function is x = A−1(y − b)). It

would be nice if, when the linearized form of a function f is a bijection—when its derivative f ′ is invertible—

so is f itself. The inverse function theorem states this result for C1 functions. Because f ′ is a function of x,

the inverse function theorem is a local result, which guarantees that f is invertible in the neighborhood of the

points x where f ′(x) is invertible.

Theorem 6.1. Inverse Function Theorem

Let f : S → Rn, S an open set of Rn.

If f is C1 and x∗ ∈ S is such that f ′(x∗) is invertible, then:

1. There exists an open set U 3 x∗ and an open set V 3 f(x∗) such that f is a bijection from U to V .

2. The inverse function f−1 defined on V is C1.

3. The inverse function f−1 is given by:

(f−1)′(y) = (f ′(f−1(y))−1

(This is well defined because f ′ is guaranteed to be invertible on U).

Proof. We admit the result. Note however that the difficulty is in showing that the inverse function exists, is

C1, and that f ′ is invertible on U . Once it is proven, the expression of (f−1)′ is straightforward to obtain using

the chain rule to differentiate f(f−1(y)) = y.

It is frequent to encounter equations of the form F (x, y) = c, for x ∈ Rm, y ∈ Rn and c ∈ Rn a constant

(the set of solutions is called a level set). Often, the variable x is exogenous and y endogenous, and we want

to know how y varies as x varies. Sometimes, it is possible to rewrite F (x, y) = c such that y is an explicit

function of x. For instance if F (x, y) = Ax + By with B invertible, then y = B−1(c − Ax). Studying how y

varies with x boils down to differentiating the function g(x) = B−1(c − Ax). But often, making g explicit is

impossible. To start with, there may be no y solution to F (x, y) = c for a given x. Or there may be several

y solutions so that there is no single way to define g. (Take for instance the equation of the unit circle in the

plane x2 + y2 = 1). And even if there exists a unique solution, expliciting g with standard functions might be

impossible—for instance because we did not assume a specific functional form for F . We say that y = g(x)

remains an implicit function. The implicit function theorem lets us do comparative statics exercises—tell

how y varies with x—in this situation. Just as the inverse function theorem, it is only a local result. In stating
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the theorem, we note F1 the derivative with respect to the m first variables (x) of F , and F2 the derivative with

respect to the n final variables (y) of F .

Theorem 6.2. Implicit Function theorem

Let F : S → Rn, S an open set of Rm × Rn, and consider the equation F (x, y) = c for some c ∈ Rn.

Let (x∗, y∗) ∈ S be a solution, that is F (x∗, y∗) = c.

If F is C1 and (x∗, y∗) ∈ S is such that F ′2(x∗, y∗) is invertible,

then there exists a C1 function g : B(x∗, r)→ Rn defined on an open ball B(x∗, r) around x∗ such that:

1. y∗ = g(x∗)

2. For all x ∈ B(x∗, r), (x, g(x)) ∈ S and F (x, g(x)) = c.

3. The derivative of g is given by

g′(x) = −(F ′2(x, y))−1F ′1(x, y)

(This is well defined because F ′2 is guaranteed to be invertible on B(x∗, r)).

Proof. We admit the result. Note however that the difficulty in the proof is to show the existence and differen-

tiability of g, and that F ′2 is invertible on B(x∗, r). Once this is known, the expression of the derivative of g at

any x ∈ B(x∗, r) is straightforward to obtain using the chain rule to differentiate F (x, g(x)) = c.
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